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Course Outcomes(COs)

1. Apply asymptotic notational method to analyze the performance of the algorithms in
terms of time complexity.

2. Demonstrate divide & conguer approaches and decrease & conguer approaches to
solve computational problems.

3. Make use of transform & conquer and dynamic programming design approaches to
solve the given real world or complex computational problems.

4. Apply greedy and input enhancement methods to solve graph & string based
computational problems.

5. Analyze various classes (P,NP and NP Complete) of problems

6. lllustrate backtracking, branch & bound and approximation methods.
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Algorithmic: The sprit of computing — David Harel.

Another reason for studying algorithms is their
usefulness in developing analytical skills.

Algorithms can be seen as special kinds of solutions to
problems — not answers but rather precisely defined
procedures for getting answers.
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Recipe, process, method, technique, procedure, routine,...
with the following requirements:

1. Finiteness
* terminates after a finite number of steps

2. Definiteness
* rigorously and unambiguously specified

3. Clearly specified input

* valid inputs are clearly specified

4. Clearly specified/expected output

e can be proved to produce the correct output given a valid input

5. Effectiveness
* steps are sufficiently simple and basic



&

atme

ATME

College of Engineering

 Can be represented in various forms
« Unambiguity/clearness
» Effectiveness

e Finiteness/termination

e Correctness
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Module 1

Introduction: What is an Algorithm? It’s Properties.
Algorithm Specification-using natural language, using
Pseudo code convention, Fundamentals of Algorithmic
Problem solving, Analysis Framework-Time efficiency and
space efficiency, Worst-case, Best-case and Average case
efficiency.
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Algorithmic: The sprit of computing — David Harel.

Another reason for studying algorithms is their
usefulness in developing analytical skills.

Algorithms can be seen as special kinds of solutions to

problems — not answers but rather precisely defined
procedures for getting answers.
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Problem: Find gcd(m,n), the greatest common divisor of two
nonnegative, not both zero integers m and n

Examples: gcd(60,24)=12, gcd(60,0)=60, gcd(0,0)="7

Euclid’s algorithm is based on repeated application of equality
gcd(m,n) =gcd(n, m mod n)
m mod n is the reminder of the division m &n.
until the second number becomes 0, which makes the problem

trivial.

Example: gcd(60,24) = gcd(24,12) = gcd(12,0) = 12
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Sieve of Eratosthenes

INDIAN COLLEGE RATINGS

Input: Integern =2
Output: List of primes less than or equal to n
forp &< 2tondoAlp] ¢ p
forp € 2 tosqrt(n) do
if A[p] #0 //p hasn’t been eliminated on previous passes
j<pp
whilej<n do
A[j] ¢ 0 //mark element as eliminated
J&<j+p

Example:2 3456 7 8 910 11 12 13 14 15 16 17 18 1920

Output:23 57 11 13 17 19
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Understand the problem

Deacide on
cormputanong Mmeans,

axXact va. approaxirmate solving,

algonithm dessgn technique

Dessgn an algonthm

Hrove correctnass

*

Anralyre the algocithm

GOLD

- I-GAUGE
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Codea the slgorthm
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Fundamental steps in solving problems

v’ Statement of the problem
v Development of mathematical model
v' Design of the algorithm

v’ Correctness of the algorithm

v Analysis of algorithm for its time and space complexity
v Implementation
v Program testing and debugging

v Documentation
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Fundamental steps in solving problerr
v'Statement of the problem

v’ Development of mathematical model
v'Design of the algorithm
v’ Correctness of the algorithm

v’ Analysis of algorithm for its time and space
complexity

v Implementation
v Program testing and debugging

v' Documentation
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* Sorting

e Searching

* String processing
* Graph problems

 Combinatorial problems

e Geometric problems

 Numerical problems

ATME College of Engineering



I ATME e

atme | College of Engineering

* Informal definition

- A graph is a collection of points called , some of
which are connected by line segments called

* Modeling real-life problems
- Modeling WWW
- Communication networks
- Project scheduling ...
* Examples of graph algorithms
- Graph traversal algorithms
- Shortest-path algorithms
- Topological sorting
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Linear Data Structures

- A sequence of n items of the same = fixed |en_9th (need preliminary
data type that are stored contiguously reservation of memory)
in computer memory and made = contiguous memory locations

accessible by specifying a value of the .
array’sindexY pecitying = direct access

= Insert/delete

- A sequence of zero or more nodes = Linked Lists
each containing two kinds of = dynamic length
information: some data and one or

more links called pointers to other = arbitrary memory locations

nodes of the linked list. = access by following links
- Singly linked list (next pointer) = Insert/delete
- Doubly linked list (next + previous

pointers)
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- Asimple path of a positive length that starts and ends
a the same vertex.

- A graph without cycles

(Directed Acyclic Graph)
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* Trees
- Atree (or ) is a connected acyclic graph.

- Forest: a graph that has no cycles but is not necessarily connected.
*  Properties of trees

- For every two vertices in a tree there always exists exactly one simple
path from one of these vertices to the other. Why?

: The above property makes it possible to select an arbitrary vertexin a
free tree and consider it as the root of the so called rooted tree.

* Levelsin arooted tree.
rooted
3

=« [E| = |V|-1 (5
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- Foranyvertex vinatree T, all the vertices on the simple path
from the root to that vertex are called ancestors.

- All the vertices for which a vertex v is an ancestor are said to be

descendants of v.
and

- If (u, v)is the last edge of the simple path from the root to
vertex v, u is said to be the parent of vand vis called a child of
u.

- Vertices that have the same parent are called siblings.

- A vertex without children is called a leaf.

- Avertex v with all its descendants is called the subtree of T
rooted at v.

ATME College of Engineering
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of a vertex

- The length of the simple path from the root to the vertex.

of a tree

- The length of the longest simple path from the root to a leaf.
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*  Ordered trees

An ordered tree is a rooted tree in which all the children of each vertex
are ordered.

- Abinarytreeis an ordered tree in which every vertex has no more than
two children and each children is designated s either a left child or a
right child of its parent.

- Each vertex is assigned a number.

- A number assigned to each parental vertex s larger than all the
numbers in its left subtree and smaller than all the numbers in its right
subtree.

. Llogsz <h <n-1, where his the height of a binary tree and n the size.
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1 constant
log n logarithmic

n linear

n log n n-log-n
n* quadratic
n’ cubic
2" exponential
n! factorial
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n |log,n n  nlogy,n  n? n° 2% !

10 3.3 107 331007 107 10° 10° 3.6-10°
102 | 6.6 107 6.610° 104 10° 1.310% 9.3.10%7
10° | 10 10° 1010 10° 10°

104 13 104 1.3.10% 108 1012

10° 17  10% 1.7.10% 1010 1015

109 | 20 108 20107 1012 1018

Table 2.1 Values (some approximate) of several functions important
for analysis of algorithms

ATME College of Engineering
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* Most important: Order of growth within a
constant multiple as n—>oe

 Example:

- How much faster will the algorithm run on computer that is
twice as fast?

- How much longer does it take to solve problem of double
input size?
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For some algorithms efficiency depends on form of input:

 Worstcase: Cuworst(n) —maximum over inputs of size n
* Best case: Cbest(n) — minimum over inputs of size n
* Average case: C,(n)— “average” over inputs of size n

- Number of times the basic operation will be executed on typical
input.

- NOT the average of worst and best case.
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A way of comparing functions that ignores constant
factors and small input sizes

* O(g(n)): class of functions f(n) that grow no faster than g(n)
* O(g(n)): class of functions f(n) that grow at same rate as g(n)

* ()(g(n)): class of functions f(n) that grow at least as fast as g(n)
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Definition: f(n) is in O(g(n)) if order of growth of f(n) < order of
growth of g(n) (within constant multiple),
i.e., there exist positive constant ¢ and non-negative integer ng
such that

f(n) <cg(n) foreveryn=ng

Example:
e 5n+2is0O(n); c=7andng=1

Note : The Upper Bound indicates that the function will be the worst case that it
does not consume more than this computing time.
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doesn't
matter

Figure 2.1 Big-oh notation: ¢(n) € O(g(n))
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De

finition: f{n) is in 1(g(n)) if order of growth of f(n) = order of
growth of g(n) (within constant multiple),

i.e., there exist positive constant ¢ and non-negative integer n,
such that

fln) = c g(n) for everyn =2 n,

Example:
5n+2is (n); c=5andny=1
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Big-omega
F
t(n)
cg(n)
doesn't
matter
- 1

Fig. 2.2 Big-omega notation: ¢(n) € (g(n))
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Establishing order of growth using the defipition
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Definition: f(n) is in B(g(n)) iff there exists three positive
constants c1,c2 and ng with the constraint thatcl g(n) < f(n)
<c2 g(n)foreveryn=no.

Example:

e 3n+2isO(n)

¢l g(n) <f(n)<c2g(n) for everyn = ng

* 3n<3n+2<4n foreveryng=2,c1=3,c2=4
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Big-theta

doesn't
matter

Figure 2.3 Big-theta notation: ¢(n) € ©(g(n))
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Properties of asymptotic order of growth
fln) € O(f(n))

f(n) € O(g(n)) iff g(n) €Q(f(n))
If f(n) € O(g (n)) and g(n) € O(h(n)), then f(n) € O(h(n))

Note similarity witha <b

If f1(n) € O(g1(n)) and f2(n) € O(g2(n)), then
fi(n) + fa(n) € O(max{gi(n), ga(n)})
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General Plan for Analysis

* Decide on parameter n indicating input size
* |dentify algorithm’s basic operation

* Determine worst, average, and best cases for input of size n

e Set up asum for the number of times the basic operation is
executed

e Simplify the sum using standard formulas and rules
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Establishing order of growth using limits

/’
@ orderof growth of 7(;5) < order of growth of

lim T(n)/g(n) < ¢ > 0 order of growth of 7(i17)= order of growth of g(r
n—0

o order of growth of T(11)> order of growth of Z(mn

N
Examples:
« 10n VS. nz
* n(n+1)/2 VS. nz

ATME College of Engineering
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Example: Sequential search

Algorithm Sequential search(A[0..n-1], k)

//search for a given value in a given array by sequential search

//Input: An array Al0..n-1] and a search key k

//Output: The index of the first elements of A that matches k or -1 if there are no

matching element. ¢ Type equation here.
forl € 0tondo A n 1 n/2
It (Ali] == k) n 1 n/2
{
found: 10 1 1 0
break;
}
not found 0 1 0 0 1

Worst case - O(n)
Average case — O(n/2)

Best case - Q(n)
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Example 1: Maximum element
ALGORITHM MaxElement(A[0..n — 1])

//Determines the value of the largest element in a given array
/[Input: An array A[0..n — 1] of real numbers
/[/Output: The value of the largest element in A
maxval < A[0]
fori < 1ton—1do

if Ali] > maxval

maxval < Ali]

return maxval
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1. Input parameter : n
2. Basic operation:
Comparison
Ali] > max

3.

4,

n-|

("(n)zlen ~1edm),
1=
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Example 2: Element uniqueness
problem

ALGORITHM UniqueElements(A[0..n — 1])

//Determines whether all the elements in a given array are distinct
/Mnput: An array A[0..n — 1]
//Output: Returns “true” if all the elements in A are distinct
/l and “false” otherwise
fori < Oton —2do

for j —i+1ton—1do

if A[i]= A[/] return false

return true
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1. Input parameteris input size n
2. Basic operation: Comparison A[i] == AJj]

3.

Co .,\,(n)—z Z I—Z[m-n—u+1)+1]_Z<n-1-n
1=l j=i+1 1=l 1=
—Z(n—])—ZI—(n—l)Zl—("_ ) —1)
=() 1=0
(n-=2)n-1) (n—lm | 5

=(n—-1)“- ) = -7-n ¢-(~){n)

- -

We also could have computed the sum ) - ,f(n — 1 — i) faster as follows:

n-—2

. L ; (n—1Dn
Z(n—l—uz(n—1)+(n—2)-=—----=—l= 5 €0(n2

I ::“ -
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Example 3: Matrix
multiplication

ALGORITHM MatrixMultiplication(A[O.n — 1, 0..n — 1], B[0..n — 1. O.n — 1])
//Multiplies two n-by-n matrices by the definition-based algorithm
/Mnput: Two n-by-n matrices A and B
//Output: Matrix C = AB
fori <~ Oton—1do
for j «<0ton—1do
Cli. j] < 0.0
fork <—(Oton 1do
Cli. j] < Cli. /1+ Ali, K% Bk, j]

return C
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[ow | Clijl

ks — L - e aan

col.

where C[i, j]= A, 0]B0, j|+ - + Ali, k]B[k, j]+ -+ Ali,n = 1|B[n =1, ]
for every pair of indices 0 <, j <n -1,

ATME College of Engineering
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1. Input parameterisinputsizen2z X n2
2. Basic operation: Comparison CJi,j] == Cli,j] + Ali,k] * B[k,j]

3. -
>3
-
k=i
and the total number of multiplications M(n) is expressed by the following
triple sum:

n—1 a1 n-1

Hm=Y'Y 31

i) joul) k)

Now, we can compute this sum by using formula (S1) and rule (R1) given
above. Starting with the innermost sum Y7 1, which is equal ton (why?), we gel

ik )
n-| n~| n—1 n~1 n—| n—|
Min) ZZZl h_Zu Zn: n
g} _l"‘.’i"" j=l) _.-“ | i)
€ O(n3)
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Algorithm SelectionSort (A[O..n-1])

//The algorithm sorts a given array by selection sort
//Input: An array A[0..n-1] of orderable elements
//Output: Array A[0..n-1] sorted in ascending order

fori < 0ton-2do
min < i
forj<i+1ton—-1do
if A[j] < A[min]
min < j
swap Ali] and A[min]

Time eff|C|ency: O(n?) comparisons (in the worst case)
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*X(n) =x(n-1) + 5forn>1, x(1) =0
X(n) =x(n-1) + 5

X(n) = x(n-2) + 5+5
=x(n-2) + 2 *5
X(n) = x(n-3) + 3*5

X(n) =x(n-n-1) + n-1 * 5
=x(1) + (n-1) * 5
= 0O(n-1) =0(n)

ATME College of Engineering
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Plan for Analysis of Recursive Algorithms
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Decide on a parameter indicating an input’s size.
* |dentify the algorithm’s basic operation.

 Check whether the number of times the basic op. is executed
may vary on different inputs of the same size. (If it may, the
worst, average, and best cases must be investigated
separately.)

e Set up arecurrence relation with an appropriate initial
condition expressing the number of times the basic op. is
executed.

* Solve the recurrence (or, at the very least, establish its
solution’s order of growth) by backward substitutions or
another method.
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Example 1: Recursive evaluation of n!

Definition:n1=1*2=* .. %(n-1)*n forn=1 and0! =1
Recursive definition of n!: F(n) = F(n-1) * n forn=2
1 and
F(0)=1

ALGORITHM F(n)

ize: ( s n! recursively
Size: //Computes y

: , /[Input: A nonnegative integer n
Basic operation: Recurrer  ,ouiput: The value of »!

relation: if » = 0 return 1
else return F(n — 1) xn
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* In this problem, we have n disks of different sizes and
three pegs.

* |nitially, all the disks are on the first peg in order of
size, the largest on the bottom and the smallest on
top.

 The goal is to move all the disks to the third peg,
using the second one as an auxiliary if necessary.

* We can move only one disk at a time, and it is

forbidden to place a larger disk on top of a smaller
one.

ATME College of Engineering
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Example 2: The Tower of Hanoi Puzzle

: A !

Recurrence for number of moves:
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Algorithm : TOH (n, §, T, D)

/] Solving Tower of Hanoi Problems
// Input : Number of discs n

/] Output : The sequence of movements.
{

ifn>0

{
TH (n-1,8,D, Mm;
move disk from 8 to D
00 (n-1,7,8 D

}



s EATME

atme | College of Engineering

Solving recurrence for number of moves

M(n)=2M(n-1)+1, M(0) =0
2[2M(n-2)+1]+1

2°M(n-2) +2 +1

22 [2M(n-3) +1]+2 +1

23 M(n-3) + 22+2 +1

2" M(n-n) + 271 +2m2 + 2242 +1

Standard formula used is G.P sequence
a(r — 1)

r — 1

(1+2+224---2024201) =

Here a=1 and r=2 => 0O(2")

ATME College of Engineering
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The Fibonacci numbers:
0,1,1,2,3,5,8,13,21, ..

The Fibonacci algorithm (recursive )
Fib(n)
{
If n<=1
return n

Else
Return F(n-1) + F(n-2)
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*The recurrence equation for this problem is:
T(n) = T(n-1) + T(n-2) for n>1 and the initial
conditions are T(0) =0, T(1) =1

Solution to recurrence relation:

T(n) = T(n-1) + T(n-2)

T(n) —T(n-1) —-T(n-2) =0

This is of the form ax(n) +bx(n-1) +cx(n-2) =0
Which is a homogeneous second order linear

ATME College of Engineering
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* Wherea=1, b=-1, c=-1

Consider it as a quadratic equation
ar’+br+c=0

Then the roots of the equation
rr—-r—1=0

r1,2 = (1+V5)/2

These roots rl and r2 are real and distinct.

The reciirrence relation can he siven as
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T(n)=ocr™ + fry,"
T(n)=oc [(L+ V5)/2 1"+ B[(1 — V5)/2]"

Substituting T(0) =0

=« [(1+ V5)/21°+B[(L — V5)/21°

X=- orP=—«

1
=oc [(L+ V5)/2 ' +B[(1 — V5)/2 ] -1

x = 1/+/5 and R= —1 /+/5§
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Little oh Notation

INDIAN COLLEGE RATINGS

* The asymptotic upper bound provided by O-
notation may or may not be asymptotically
tight. The bound 2n2 = O(n2) is asymptotically
tight but the bound 2n = o(n2) is not.

* \We use o-notation to denote an upper bound
that is not asymptotically tight

* f(n) =0o(g(n)); f(n) is equal to the little oh of
g(n), iff f(n) < ¢, g(n) for any +ve constant c>0,
no>0 and n>no
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Establishing order of growth using limits
O order of growth of < order of growth of

lim T(n)/g(n) c >0 order of growth of = order of growth of

n o order of growth of >order of growth of

Examples:
10n VS. n?

5n+2 VS, n

ATME College of Engineering
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Property of the Asymptotic Notations
1.Theorem :If t1(n) € O(g1(n)) and t2(n) €
O(g2(n)), then

tl(n) + t2(n) € O(max{gl(n), (g2(n)})

2.Theorem: If f(n)=am nm+----+a; n+agand
am >0, then f(n) = O(nm)
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Brute Force
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A straightforward approach, usually based directly on the
problem’s statement and definitions of the concepts involved

Examples:
1. Computingan(a > 0, n a nonnegative integer)

2. Computingn!

3. Multiplying two matrices

4. Searching for a key of a given value in a list
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Selection Sort Scan the array to find its smallest element and
swap it with the first element. Then, starting with the second
element, scan the elements to the right of it to find the
smallest among them and swap it with the second elements.
Generally, on pass i (0 <i < n-2), find the smallest element in
Ali..n-1] and swap it with A[i]:

A0l < . . . ZA[i-1] | All, . . . ,Almin],. . ., Aln-1]

in their final positions

Example:7 3 2 5
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Analysis of Selection Sort
ALGORITHM SelectionSort(A[O..n — 1])
/[Sorts a given array by selection sort
/Input: An array A[0..n — 1] of orderable elements
/[Output: Array A[0..n — 1] sorted in ascending order
fori «<0ton —2do

min <—i
for j < i+1ton—1do

if A[j] < A[min] min < j
swap Ali] and A[min]

Time efficiency: O(n"2)
In place: Yes
Stability: yes
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Brute-Force String Matching

INDIAN COLLEGE RATINGS

e pattern: a string of m characters to search for

e text:a (longer) string of n characters to search in
* problem:find a substring in the text that matches the pattern

Brute-force algorithm

Step 1 Align pattern at beginning of text

Step 2 Moving from left to right, compare each character of
pattern to the corresponding character in text until
e all characters are found to match (successful search); or
e amismatch is detected

Step 3 While pattern is not found and the text is not yet
exhausted, realign pattern one position to the right and
repeat Step 2
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1. Pattern: 001011
Text: 10010101101001100101111010

2. Pattern: happy
Text: It 1s never too late to have a

happy childhood.
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Pseudocode and Efficiency

ALGORITHM BruteForceStringMatch(T [0..n — 1], P[0..m — 1])

//Implements brute-force string matching
/Input: An array T[0..n — 1] of n characters representing a text and

/l an array P[0..m — 1] of m characters representing a pattern
//Output: The index of the first character in the text that starts a
/] matching substring or —1 if the search 1s unsuccessful
fori < Oton—mdo

j«0

while j < m and P[j]=T[i + j] do

j<~—j+1

if j =m return |

return —1

T| me Eff|C|enCy: ©(mn) comparisons (in the worst case)
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e Strengths
- wide applicability
- simplicity
- yields reasonable algorithms for some important problems

(e.g., matrix multiplication, sorting, searching, string
matching)

e Weaknesses

- rarely yields efficient algorithms
- some brute-force algorithms are unacceptably slow
- not as constructive as some other design techniques
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DIVIDE AND CONQUER

introduction to The DQSign &
Analysis of Algorithms
2o oo Mk i

- [
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Divide-and-Conquer

The most-well known algorithm design strategy

1. Divide instance of problem into two or more
smaller instances

2. Solve smaller instances recursively

3. Obtain solution to original (larger) instance by
combining these solutions

ATME College of Engineering
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Divide and conquer involves three steps, at eac
level of recursion

* Divide: Divide the problem into a number of sub

problems

Conquer: Conquer the sub problems by solving
them recursively. If the sub — problem sizes are small
enough, then solve the sub- problem in a straight

forward manner.

* Combine: combine the solutions to the sub- problems
to get the solution to the original problem.
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Divide-and-Conquer Technique (nt.)

a problem of size n
(instance)

subproblem 1 subproblem 2
of size n/2 of size n/2

a solution to a solution to
subproblem 1 subproblem 2

T(n) = a T(n/b) + f (n) a solution to In general leads to a

the original problem : -
recursive algorithm!
where fin) € O(n?), d >0 ecursive algo
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Divide-and-Conquer Examples

* Sorting: merge sort and quicksort

* Finding min and max elementin an array
* Binary search

 Multiplication of large integers

 Matrix multiplication: Strassen’s algorithm

Department of
CEE
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General Divide-and-Conquer Recurrence

T(n)=aT(n/b) + f(n) where fin) € O(n?), d=>0

Master Theorem: Ifa<b9, T(n) e O(n9
Ifa=05b% T(n) e O(nilog n)

If a > hd
Ifa>b!, T(n)eco@m'°8b?,

Note: The same results hold with O instead of ©.
®(n*2)
Examples: T(n) =4T(n/2)+n = T(n) € ? ©(n"2log n)
T(n)=4T(n/2)+ n*= T(n) € ?

®(n*3)
T(n)=4T(n/2) + n® = T(n) € ?

ATME College of Engineering
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Mergesort(low, high)

//Given an array A of n elements. This algorithm sorts the elements in
//ascending order. The variables low and high are used to identify the
//positions of first and last element in each partition.

If (low< high}
mid = (low+high)/2;
Mergesort (low,mid);
Mergesort(mid+1,high);
Merge(low,mid,high);
End if
Exit

N O 0 Rk WINR
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Merge(low, mid, high)

/ The variables low, mid, and high are used to identify the
portions of elements in each partition.

1. Initialize i=low, j= mid+1, h=low;
2. while ((h <= mid) && (j <= high))
3.  if(alh]<alj])

b[i++] = a[h++];

else

bli++] = a[j++];

ATME College of Engineering
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Cont...

4. if (h > mid)
for(k = j; k <= high; k++)
bli++] = a[k];
else
for (k = h; k <= mid; k++)
b[i++] = alk];
5. for (k = low; k <= high; k++)
a[k] = b[k];
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e Split array A[0..n-1] into about equal halves and make
copies of each half inarrays B and C

e Sort arrays B and C recursively
 Merge sorted arrays B and C into array A as follows:

- Repeat the following until no elements remain in one of the arrays:

e compare the first elements in the remaining unprocessed portions
of the arrays

* copy the smaller of the two into A, while incrementing the index
indicating the unprocessed portion of that array

- Once all elements in one of the arrays are processed, copy the
remaining unprocessed elements from the other array into A.



g ATME -

. o - I-GAUGE
atme | College of Engineering

INDIAN COLLEGE RATINGS

Mergesort Example

83297154

N\

8329 7154

FANVAN
N A
VRVEVIRY
N4

2389 1457

L

12345789
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* All cases have same efficiency: ©(n log n)

* Number of comparisons in the worst case is
close to theoretical minimum for comparison-
based sorting:

|_Iog2 n'| = nlog.n -1.44n
* Space requirement: ©(n) (not in-place)

* Can be implemented without recursion

ATME College of Engineering
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Quicksort

e Select a pivot (partitioning element) — as the first element

YO
All]<p Ali]>p
* Exchange the pivot with the last element in the first (i.e., <)
subarray — the pivot is now in its final position

e Sort the two subarrays recursively

 Note: Invented bi
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Partition(low, high)
//This procedure partitions the element into two lists and places the pivot
//element into a appropriate place. Low = first element of the array, high =
//last element of the array, a[low] = pivot.

Step 1. Set pivot = a[low];

i=low +1;
J = high;
Step 2. Repeat step 3 while (a[i] < pivot && i < high)
Step 3. i++;
Step 4. Repeat step 5 while (a[j] > pivot)
Step 5. j--;
Step 6. If(i<j)
swap a[i] and a[j]
go to step 2
else

swap a[j] and pivot
Step 7. Return (j)

Department of CSE = ATME College of Engineering
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53198247
23145897
1234 7859

4
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Analysis of Quicksort

e Best case: splitin the middle — ®(n log n)

 Worst case: sorted array! — ©(n2) T(n) = T(n-1) + ©(n)

* Average case: random arrays — ©(n log n)

* Improvements:

- better pivot selection: median of three partitioning
- switch to insertion sort on small subfiles

- elimination of recursion

These combine to 20-25% improvement

* Considered the method of choice for internal sorting of large
files (n = 10000)
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Binary Search

Algorithm Binary_Search( A[O...n-1], Key)
Input: Given an array of n elements in sorted order and key is an element to be

searched.

Output: Returns the position of key element, if successful and returns -1
otherwise.

1. Setfirst=0,last =n-1

2. W h il e (first < = 1 a s t )

mid = (first +last) / 2
if (key == A[mid])

return (mid+1); // successful
else if ( key < A[mid] )

last =mid -1
else

first = mid+1
end while

3. return-1//unsuccessful



g EATME

atme | College of Engineering

Analysis

Best Case: Best case occurs, when we are
searching the middle element itself. In that case,
total number of comparisons required is 1. there

fore best case time complexity of binary search
is Q(1).

Worst Case: Let T(n) be the cost involved to
search ‘n’” elements. Let T(n/2) be the cost
involved to search either left part or the right
part of an array.
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T(n)= |3 if n=1
T(n/2)+b otherwise

“—

T(n/2) = Time required to search either the left
part or the right part of the array.

b =2 Time required to compare the middle element.

Where a and b are some positive integer constants.
T(n) = O(log 2n)
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Average Case:

The average case occurs when an element is found some where
in the recursive calls, but not till the recursive call ends.

The average number of key comparisons made by binary search
is only slightly smaller than that in this worst case.

T(n) =log 2n

The average number of comparison in a successful search is
T(n)=log,n-1

The average number of comparison in a unsuccessful search is
T(n)=log,n+1
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Analysis

* This algorithm requires 2(n-1) element
comparisons in the best, average, and worst
cases.

Now the Best case occurs when the elements
are in increasing order. The number of
element comparisons is n-1.

* The worst case occurs when the element are
in decreasing order. In this case number of
comparisons is 2(n-1).



s EATME

atme | College of Engineering

Finding maximum and minimum using divide

_ ~and conquer technique
Algorithm max_min(i, j, max, min)

{

// Input: a[1:n] is a global array. Parametersi and j are integers, 1<=i
<=|<=n.

// output: to set max and min to the largest and smallest values
in ali: j], respectively.

If (i == j) then // Small(P)
{ max =min < A[il];
}

ATME College of Engineering
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else if (i =j-1) then // Another case of Small(P)

{
if (A[i] < A[j]) then

{
max < A[j]

min < A[i]
}

else

{
max < Ali]

min < A[j]
}
}
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else
{

// if P is not small, divide P into sub problems.
// Find where to split the set

mid := (i+j)/2;

// Solve the sub problems.

max_min(i,mid,max,min); max_min(mid+1, j,
max1,minl);

// Combine the solutions
if( max < max1) then max := max1; if( min >
minl) then min:= min1;
}
}
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0 n=1
T(n)= _J1 =2
T(n/2)+T(n/2) +2 n>2

When n is a power of two, n = 2k for some positive integer k, then
T(n) =2T(n/2) + 2
=2T(2x1 ) + 2
=2(2T(2«2) +2) + 2
= 22T(2k2) + 22 + 2
= 23T(2x3) + 23+ 22+ 2

= 2k1 T(2k-(k-1)) + 2k2 + 2k1+- - - + 21

= 2k1+2k2+- - - +21
=2.(2x1—1)/2-1 =0(n)
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Consider the problem of multiplying two (large) n-digit integers
represented by arrays of their digits such as:

A =12345678901357986429 B =387654321284820912836

The grade-school algorithm:

ais d;... dp
b]_ bz ces bn
(d10) d11d12 ... din

(d20) d21d22 ... dan

(an) dnldnz dnn

Efficiency: ©(n2) single-digit multiplications
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A small example: A * B where A=2135and B=4014
A=(21-102+35), B=(40-102 + 14)

So,A B=(21-102+35) (40-102+ 14)
=21 40-104+(21 14+35 40)-102+35 14

In general, if A= A;A,and B =B;B, (where A and B are n-digit,

A1, A,, By, B> are n/2-digit numbers),
A B=A; B{10n+ (A1 B>+ A, Bl) 1002+ A, B

Recurrence for the number of one-digit multiplications M(n):
M(n) =4M(n/2), M(1)=1
Solution: M(n) = n2
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AxB=A;*B1:10n+ (Al* B>+ A, * Bl) 1002+ Ay * B,

The idea is to decrease the number of multiplications from 4 to 3:
(A1+A2 ) * (Bl+ B> ) =A; Bi+ (Al* B,+ A, Bl)+A2 Bz,

l.e., (A1* Bo+ Ay # By)=(A1+A2) #(B1+B2)-A1 Bi-A; By
which requires only 3 multiplications at the expense of (4-1) extra
add/sub.

Recurrence for the number of multiplications M(n):
M(n) =3M(n/2), M(1)=1
Solution: M(n) = 3icg 20 = Niog 23 = N1.585
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Example of Large-Integer Multiplication
2135 = 4014

= (21*10"2 + 35) * (40*1072 + 14)
= (21 40)*10" +c1*10"2+35 14
where c1 = (21+35)*(40+14) - 21 40-35 14, and
21*40 = (2*10 + 1) * (4*10 + 0)
=(2 4)*10"2+¢c2*10+1 0
where c2 = (2+1)*(4+0)-2 4-1 0, etc.
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Matrix Multiplication

* Brute-force algorithm

C11 Ci12 di1 d12 bi11 b
- *
C21 C22 a1 ax b1 by
* *
a11* by tan™ ba ait*by tan*bx
a1 *byy +taxn*ba a2 * by, tan*bxn

Efficiency class in general: © (n3)
4 additions
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Strassen’s Matrix Multiplication

» Strassen’s algorithm for two 2x2 matrices (1969):

Ci1 C12 di1 d12 b1 b
— *
Ca1 C22 d21 d22 b1 b2
Cl=E +I +J-G C2=D+G
C3=E+F C4=D +H +J-F
D= A1(BZ - B4)
E = A4(B3-B1)

F = (A3 + A4) B1

G=(A1+A2)B4 _
H=(A3-A1)(B1+B2)

| = (A2 — A4) (B3 +B4) 18 additions
J=(A1+A4)(B1 +B4)
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aH e

Al=1,A2=2,A3=3,A4=4
B1=1,B2=2,B3=2,B4=2

1. D=A1(B2-B4) =1(1-2)=-1
2. E=A4(B3-B1)=4(2-1) =4

3. F=(A3+A4)B1=(3+4)1=7
4. G=(A1+A2)B4=(1+2)2=6
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5.H=(A3-A1) (B1 +B2)=(3-1)(1+1) = 4
6.1= (A2 — A4)(B3+B4) = (2-4)(2+2) = -8
7.1 = (A1+A4)(B1+B4) = (1+4)(1+2) = 15

Cl =E +l+)-G = 4+(-8) +15-6 =5
C2=D+G=-1+6=5 C

C3=E+F=4+7=11
C4=D+H+J)J-F=-144+15-7=11

1
N
[ERY
oy
SN,
_
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Strassen’s Matrix Multiplicatio

Strassen observed [1969] that the product of two
matrices can be computed in general as follows:

Coo‘ Co1 Aoo | Aoz Boo ‘ Bo1
— 4‘* *

Cio Cu1 Ao A Bio Bun
M1 +|V|4 -M5+ |V|7 |V|3+ M5
M, + My M; +Ms-M,+ Mg

Mgzt trveaitadf AN M s gredED giae angyg
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Formulas for Strassen’s Algorithm

Mi = (Ago + A11) * (Boo + B11)

M= (A10+ A11) * Boo M3 = Agp *

(Bo1- B11) Mg = A11 * (B1o - Boo)
Ms = (Aoo + Ao1) * B11

Me = (A10 - Aoo) * (Boo + Bo1)

M7 = (Ao1 - A11) * (B1o + B11)
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Ms = A11* (B1o - Boo)

=4*(12-1) =4
/AOO AO1 BOO BO1
1 : ) g \( ) Ms = (Aoo + Ao1) * B11
? L =(1+2)*2 = 6
O A
3 g 0 A Me = (A1o - Aoo) * (Boo + Bo1)
4 2 2 =3-1)*(1+1)=4
. AN Yy, q D
A10 A1 B10 \511 . M7 = (Aot - A11) * (B1o + Bi1)

=(2-4)*(2+2)=-8
M1 = (Ao + A1) * (Boo + Bi1)

=(1+4)*(1+2) =15 C00 CO1
\/ N 0
|V|1 +|\/|4-|V|5+|V|7 |V|3+|V|5 5 5

M; = (A4 *+ Ayqq) % By { )
=(3+4)*1 =7 N > = </ X
M, +M -

M3 =Agg * (Bgy - B1y) { 2T Mi +Ms - Ma+ Ms} ‘[11 11
=1*(1-2) =-1 /L ) )

C10 C11
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A00  AO1 BOO
4 N ) . ™
2 1 5
N < J N J
G O C)
3 4 1
- AN Y, \_ Y,
A10 - A11 B10

M1 = (Aoo + A11) * (Boo + B4
= (2+4)* (5+2) =42

M, = (Aqo *+ Aqq) * By {
=(3+4)*5 =35

M3 = Agg * (Bgy - Byy) {
=2%(2-2) =0

Ms = Ai1* (B1o - Boo)

J4

=4*(1-5) = -16
BO1
4 ) Ms = (Aoo + Ao1) * Bi11
2 =(2+1)*2 =6
o
C) Me = (A1o - Aco) * (Boo + Bor1)
2 =(3-2)*(5+2)=7
\B'I‘I g M7 = (Aot - A1) * (B1o + B11)
) =(1-4)*(1+2)=-9
C00 CO1
Mi + Ms-Ms+ My Ms+ Ms J (11
<> _L
M; + My M +M3-|\/|z+|\/|6} ‘[19
AN J
C10 C11
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71021 /0101\
4110
2104
A = 0130 B =
5021 2011
1350
\ _/ \_ _J
/A1\ A2 B1 B2
- R 4 . R
10 21 01/ o1
41 10 2 04
O
- ~ - ~
01 30 2 11
50 21 1 50
~ -~ / - _

A3 A4 B3 B4
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1.D =A1(B2- B4) .

01 11
10 _

x | 04 -
41 50

2. E=A4(B3- B1)
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Analysis of Strassen’s Algorithm

If n is not a power of 2, matrices can be padded with zeros.
Number of multiplications:
M(n)=7M(n/2), M(1)=1
M(n)=7M(2 k1)
=7[7M(2 k2)] =7 2 M(2 «2)]
=7 kM(2kk)] =7k (1)

Solution: M(n) = 7iog;, = N, 27 = Ny 97  VS. N3 0f brute-force alg.



GOLD

B ATME Advantages and Disadvantage

atme | College of Engineering

* Difficult problems is broken down into sub
problems and each sub problem is solved
independently.

* |t gives efficient algorithms like quick sort,
merge sort, streassen’s matrix multiplication.

Sub problems can be executed on parallel
Processor.

Disadvantage

It makes use of recursive methods and the
recursion is slow and complex.
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Decrease-and-Conquer

The decrease and conquer technique is almost similar to the
divide and conquer technique, but instead of dividing the

problem into size n/2, it is decremented by a constant or
constant factor.

There are three variations of decrease and conquer
 Decrease by a constant
 Decrease by a constant factor

 Variable size decrease

The problems can be solved either top down (recursively) or
bottom up ( without recursion)
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Decrease by a constant

* |n this type of variation, the size of an instance
is reduced by the same constant ‘1’ on each
iteration. So, if a problem is of size ‘n’, then a
sub problem of size ‘n-1’ is solved first but
before a sub sub problem of size ‘n-2’ is solved
and so on.




g BATME

atme | College of Engineering

1 2 n
l Problem of Size n
11 | . Nn-1

Sub Problem of Ie (n- 1)
Siz

Solution to sub problem

v | v

Solution to the Original
Problem
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Decrease by a constant

Example: Consider a problem for computing a n
where n is a positive integer exponent

Let f(n) =an
an=agnl._ Qg
= -2
ans.a.d F(n) ;If(n-1).a if n>1
=an3.a.a.a a ifn=1
=a.a.a.a...ntmes

The above definition is a recursive definition i.e, a top down approach

Eg: Insertion sort, Depth First Search, Breath First Search,

Toioloiical Sort
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Decrease by a constant factor

* In this type of variation, the size of instance is
reduced by a constant factor on each iteration
(most of the case it is 2).

e So, if a problem of size ‘n’ is to be solved then
first the sub problem of size n/2 is to be solved
which in-turn requires the solution for the sub
sub problem n/4 and so on.
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Decrease by a constant factor

1 2 n

l Problem of Size n

11 | . n/2

Sub Problem of Sige (n/2)

(n/4)

v
Solution to sub problem

Solution to the Original
Problem

Department of

CEE
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Decrease by a constant factor

Example: Consider a problem for computing an
As the problem is to be halved each time (Since

the constant factor is 2, to solve a n, first solve an/2
, but before solve an/4 and so on.

Gn/Z) 2 ifnisevenand>1
(an-1/2)2 ifnisoddand >1

an

a ifn=1

—
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Decrease by a constant factor

The efficiency of this variation i.e decrease by a
constant factor is O(log n) because, the size is
reduced by at least one half at the expense of

no more than two multiplications on each
iteration

Eg: Binary search and the method of bisection,
Fake coin problem
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Variable size decrease

In this type, the reduction in the size of the
problem instance is varied from one iteration to
another.

Eg: Euclid’s al gorithm for computing
GCD of two nos.
gcd (m,n) ={gcd (n, mmodn) ifn>0

m if n=0

Eg: Computing a median, Interpolation Search
and Binary Search Tree

ATME College of Engineering
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DAGs and Topological Sorting

A dag: a directed acyclic graph, i.e. a directed graph with no (directed) cycles

[
>

a dag not a dag
e ¢ @ -

Arise in modeling many problems that involve prerequisite
constraints (construction projects, document version control)

Vertices of a dag can be linearly ordered so that for every edge its
starting vertex is listed before its ending vertex (topological

sorting). Being a dag is also a necessary condition for topological
sorting to be '
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Topological Sorting Example
Order the following items in a food chain
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DES-based algorithm for topological sorting

- Perform DFS traversal, noting the order vertices
are popped off the traversal stack

- Reverse order solves topological sorting problem
- Back edges encountered?—> NOT a dag!

Example:

- [
L Ll
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B 20 ATME Source Removal Algorithm .

Repeatedly identify and remove a source (a vertex with no
incoming edges) and all the edges incident to it until either no
vertex is left or there is no source among the remaining

vertices (not a dag)
©0O—0

Example: 1 ?\?\ l l
Efficiency: same as efficiency of the DFS-based algorithm, but how would you
identify a source? How do you remove a source from the dag?

Example 2 o\o/?
QO 0
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Source Removal Algorithm '

Topological Sort(G)

1. Find the indegree INDG(n) of each node n of
G.

2. Putin a queue Q all the nodes with zero
indegree.

3. Repeat step 4 and 5 until G becomes empty.

4. Repeat the element n of the queue Q and
add it to T (Set Front = Front +1).
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Source Removal Algorithm

5.Repeat the following for each neighbour, m of
the node n

a) Set INDEG(m) = INDG(m)-1
b) If INDEG(m) =0 then add m to the rear end
of the Q.

6. Exit.

Note: For Problems refer class notes
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MODULE -3
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GREEDY METHOD

introduction to The DESign &

Analysis of Algorithms

- [
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« Approach for Solving problem
« Used for Solving Optimization Problem

* Optimization Problem : Problems which demands
minimum/maximum results

« Example:

12 hrs Minimum cost

A - B

S1 S2 S3 S4 S5......

/\\“Feasible solutions

Optimal soldtion

There will be only one minimum solution
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Strategies used for Optimization Problem

* Greedy Method
* Dynamic Programming
* Branch and Bound

ATME College of Engineering
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'Greedy algorithms, construct a solution through a

sequence of steps, each step expanding a partiall
constructed solution obtained so far, until a complet
solution to the problem is reached.

» feasible -1t has to satisfy the problem s constraints

> locally optimal - it has to be the best local choice
among all feasible choices available on that step

> Irrevocable - once made, It cannot be changed on
subsequent steps of the algorithm

Department of CSE
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General method control abstraction
Algorithm Greedy(a, n)

// a[l..n] contains the ‘n’ inputs

{

Solution:=0;  //Initialize the solution
fori:=1tondo

{
X : = Select(a);
If Feasible(Solution, x) then
Solution:= Union(Solution, x);
}
Return Solution;

ATME College of Engineering
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Applications of the Greedy Strategy

* Optimal solutions:

- change making for “norma

III

coin denominations
- minimum spanning tree (MST)

- single-source shortest paths

- simple scheduling problems

- Huffman codes

* Approximations/heuristics:

- traveling salesman problem (TSP)
- knapsack problem
- other combinatorial optimization problems
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Change-Making Problem

Problem Statement: Given coins of several denominations find out
a way to give a customer an amount with fewest number of coins.

Example: if denominations are 1,5,10, 25 and 100 and the change
required is 30, the solutions are,

Amount: 30

e Solutions:3x 10 (3coins)

6Xx5 (6¢coins)
1x25+5x1(6coins)
1x25+1x5(2coins)
The last solution is the optimal one as it gives us change only with 2 coins.
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Change-Making Problem

Given unlimited amounts of coins of denominations d; > ... >d,,
give change for amount n with the least number of coins

Example: d;=25c, d,=10c, d3;=5c, ds=1c and n =48c

Greedy solution is optimal for any amount and “normal” set of
denominations

Solution: <1, 2,0, 3>
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Algorithm coinchange() {25, 10, 1} for 30c
//Input: Denomination d[1] > d[2] > )

d*3+... d*n+ r | n=3, C:30

//Amount to obtain change — C B Cotna [1) = 30| [ = 30]os = |

// Output: The optimal number of
coins for change of C, is stored in
Coins]i]

C=Cdfi): N25:8

.L:Q CO;NIQ; gld[}), 5‘\0:0

- .,d-,-.S.-|0-'5
fori < 1tondo ek ” \

{ . . 5|1= 5
(=3 Cotrd | 312
Coinsli] = C/d[i]; D Hs o
. -~ ¢ A I
¢ = € mod d[i] :
Print coins]|i]

Colry { 1)0‘ SB

}
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Change-Making Problem

For example, d1 = 25¢, d2 = 10c, d3 =1c, and n = 30c

Solution: <1, 0, 5>

May not be optimal for all denominations
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Knapsack Problem (Fractional knapsack

problem)
Given n objects and a knapsack or bag. Object I has j
weight wi and the knapsack has a capacity m. if th
fraction Xi, 0<=Xi<=1, of object 1 is placed into the
knapsack, then a profit of Pi*Xi is earned.

The objective I1s to maximize the total profit earned.
Since the knapsack capacity Is m, we require the total
welght of all chosen objects to be at most m.
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Obtain the optimal solution for the knapsack
problem using greedy method given the
following:

M =15

n=7

pl,p2,p3,p4,p05,p6,p7 = 10,5,15,7,6,18,3
wl,w2,w3,w4,w5wébw/=2,35,7,1,4,1
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P
( "PL;?\B,P‘-\,VS)PG-P;IJI CIO,‘S, |[§,4,6.l%,5>

(L)l: N); mg-‘gq,mg )QB'QJ): ( W, 3, 5‘) 4,\, L+)|)

Number Of Q’QJG,JJ:Q:Q,
Cc;ch;(j 0} bma - M=15

[Ob]c B ) S 3 | 4|5 '5_:}

| Pi 10 5 15| 544 -
/MR EARER S
= FEREE RN
' & 11634 |

Lt e T - 1 =

There are several greedy methods to obtain the feasible solutions.
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Dfethod 4@ Selut objes 1th Mayimun prfit(P)
= i

e
ng progit () MUON (k1) Pmoir\inawmahl | | —T =TT
- St Objer | | |2 |35 (8 f
i : B | < el ERT
6 12 l+ |5—l{:” | Pl 10 D | b T | 0 i
| (1[4
1-526 s [ 3 |59 e
9 1 J B —————T 1 Tedn
0 9 b4 o] 30 Y S
| R | ORkEEEE
L HX|= H
-
Profits = }7 Solution Vector = (1, 0,1, 4/7,0,1,0)= (1, 0,1, 0.57,0,1,0)

Optimal solution using this method is (x1, x2, X3,x4,x5,x6,x7) = (1, 0,1, 0.57,0,1,0)

with irofit =47
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Lk -

&%Q SdnJ OBJCJ pith yednfmpm }\30‘0’\1 (i)

——

Objeu Mmm {p)hmc{@kul o) | Rmmmna mam
B - -1 T
B | 51214 - AEREEEREILALNS
1 TS ly-)=13 NN *'93“
| 11y |
| o o R 132= ) Bl o |3 |5 tid s
(_ 3 | 1N-3:8 e RAGE
Q § ’ ( \{)'f l
AR LSRR
5 wuzla | h-4=0
B e X
Profits = i Solution Vector = (1, 1,4/5,0,1,1,1)= (1, 1,0.8,0,1,1,1)

Optimal solution using this method is (x1, x2, x3,x4,x5,x6,x7) = (1, 1,0.8,0,1,1,1)
with profit =54

Optimal solution is not iuaranteed using method 1 and 2
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Mebed 3 Gens objet pith mevsrun (Pil1)

r\ | | . .
;.Oin\ ’Pmikz%@i) lpﬁﬁhr(ﬁ;)‘ﬁ {mm,\;na '\wﬂﬂ

- I3
B 8 | 151 = Iy [ B | P =
l | 10 2 =32 | f@l‘_{,’ MECRESETEN
i | 12 & Ja-y-8 / | Py | I 5 | 15 il ,]ii_
3 ’ |5 5 g-5:3 | :2 3 ¢ :J[‘) i .‘Lf
R Ll o TRRGE
ey | 5 | 167 | |
® | X1 63: 3-3\1 Q 220 { | PLIBL' 2% B (51 | I I B
Profits = 5534 /Solution Vector = (1, 2/3,1,0,1,1,1)=(1,0.67,1,0, 1,1,1)

Optimal solution is (x1, x2, x3,x4,x5,x6,x7) = (1, 0.67,1,0,1,1,1)
with profit [1*10+0.67*5+1*15+0*7+1*6+1*18+1*3]= 55.34
Weight=[1*2+0.67*3+1*5+0*7+1*1+1*4+1*1]=15
This greedy approach always results optimal solution



g BATME

atme | College of Engineering

Knapsack Problem (Fractional knapsack problem)

Given n objects and a knapsack or bag. Object I has j
weight wi and the knapsack has a capacity m. if th

fraction Xi, 0<=Xi<=1, of object 1 is placed into the
knapsack, then a profit of Pi*Xi is earned.

The objective I1s to maximize the total profit earned.
Since the knapsack capacity Is m, we require the total
welght of all chosen objects to be at most m.
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Maximize ), <j<n PiXi
Subject to ) 1 <jcp, WIXi < m

The profits and weights are positive numbers.
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Algorithm Greedy Knapsack(m,n)

//p[1:n] and w[1:n] contain the profits and weights respectively, of the n
objects ordered such that p[i]/w[i] >= p[i+1]/w[i+1].

// m is the knapsack size and x[1:n] is the solution vector

{

fori:=1ton do x[i] := 0.0; //Initialize x
U:= m;//sack capacity

fori:=1ton do

{

if (w[i] > U) then break; // weight of an object is greaterthan sack capacity
X[i] := 1.0; U:=U-wl[i];

}

If(i<=n) then x[i]:=U/wli];

}

“Analysis: Disregarding the time to initially sort the object, each
of the above strategies use O(n) time
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Obtain the optimal solution for the knapsack
problem using greedy method given the
following:

M=40 , n=3
wl w2 w3 = 20,25,10
pl,p2,p2 = 30,40,35
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Spanning tree of a connected graph G: a connected acyclic
subgraph of G that includes all of G’s vertices

ARA
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Minimum spanning tree of a weighted, connected graph G: a
spanning tree of G of the minimum total weight

Example:

6 @ 6
0 0
\ ‘ \‘ 1
4 1 4 1
, 2
A / ® s

COST=11 COST=6
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. ] ’ ~~ / ~ ] /‘\\ ,"'/\'l ‘ -~ (-/“u 1 , —
a)—b) (@ b ) (a) b) (8 }——b
- \\ - \ 3 = - = \ \\ L
: \ ? \\‘\_Z 5 b \\2
! 3 b ! | \

Py Y Y\ N I~y YN
¢ ) d C {(d) [ ¢ d) (¢ (d
N/ 3 - g - N’ 3 - N &,

..'\ »
graoh \VA!"‘ Tl ) - b \.'” 'T.)) - 9 .v"o ‘ T ) - 8

Graph and its spanning trees, with 7, being the minimum spanning tree.

Note: MST of graph with n vertices will have exactly n-1 edges
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* Prim’s algorithm

e Kruskal’s algorithm

Department of
CEE
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Prims Algor

Prims Algorithm
Example




g EATME

atme | College of Engineering

Algorithm Prim(G)
Vt € {v0} //Set of visited vertices
Et €&
fori < 1to |V]| -1do

find minimum edge e between
vertices v and u such that V is in Vt and
ussinv-vt

//Add u to Vt
Vt € Vt U {u}
//Add the edge to the spanning tree
Et € EtU {e}

Prims Algorithm
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Tree vertices

a(—. —)

bia, 3)

cth, 1)

f(b, 4)

e(f, 2

d(t, 5)

GOLD
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INDIAN COLLEGE RATINGS

Remaining vertices 1llustration
bia. 3) c(—. o) d(—. ) B L (o)
efa, 6) f(a, 5) / N 8+ NG
(a) - {7) {a)
cib, 1) di(—, o0) e(a, 6) / A 4 NG
fib, 4) : ) 5 >
(& f ) o)

dic. 6) e(a, 6) f(b. 4) /\ 4”7 NS

1} LA .;_',iil
d(f, 5) e, 2) /\ 47
(a) S £ €) D <"‘} )
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Efficiency

> The time efficiency of depends on the data
structures used for implementing the priority
queue and for representing the input graph.

> Since we have implemented using weighted
matrix and unordered array, the efficiency is
o(|Vvz]).

> If we implement using adjacency list and the

priority queue for min-heap, the efficiency is
O(|E|log|V]).

ATME College of Engineering
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Kruskal's algorithm finds MST of a weighted
connected graph G=<V,E> as an acyclic subgraph with |V| - 1

edges. Sum of all the edges weight should be minimum.

The algorithm begins by  sorting the graph’s

edgesin increasing order of their weights.

Then it scans this sorted list starting with the empty sub graph and i
adds the next edge on the list to the current sub graph, if such an
inclusion doesn’t create a cycle and simply skipping the edges.
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X | X X X
{7
Brute Fore way: . sl B [ A
There are 16 possibilites. ;
List out all possibilites A T SOOI L
and choose the smallest
Kruskal’s Algorithm
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Kruskal’s Algorithm
Example

be ¢f ab bl of af df ac od de
| : 5 4 4 5 5 ) H N
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Edge Lengths lt\lgorithm Kruskal (G)

b,-_)c 1 Sort E in ascending order of weights
f-e 2 Et € 0 //no edges selected

a=>b 3 encounter € 0 //no of edges selected
b=>f 4 k&0

c=>f 4 while encounter< |V - 1

a=>f 5 k€Ek+1

c=>f 5 if Et U {eik} is acyclic

a=—e - Et € Et U {eik)

c=d 6 encounter += ]

e=>d 8 return Et

Kruskal’s Algorithm
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Time Complexity

The crucial check whether two vertices belong to the
same tree can be found out using union -find algorithms.

 |Ifthe graph is represented as an adjacency
matrix then the complexity of kruskal
algorithm is -

 |f you use binary heap and adjacency list the
complexity can be of the order of ElogV.
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Shortest paths —

The Dijkstra’s algorithm finds the shortest path

from a given vertex to all the remaining vertices
in a diagraph.

The constraint is that each edge has non-

negative cost. The length of the path is the sum
of the costs of the edges on the path.

We have to find out the shortest path from a
given source vertex ‘S to each of the
destinations (other vertices ) in the graph.
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50

20

10

Initially

100

1 2 3 4
-
S 0/1 0/ 0
d 071 60 | 100 10
60 10
0
10

20
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50

20

10

100

20

50

2 3 4 5
0 0 1
60 | 100 10
60 100
10
20

20
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50

20

10

100

20

50

2 3 4 5
0 0 1 1
60| 100 15 10
60 100
10
20

20
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1 2 3 4 3

S 1 0 1 1 1

d 1 60 35 15 10

100
10 60 100
10
20
50 20
20
50 20
5
A
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S 1 1 1 1 1
d 1 60 35 15 10
100
10 60 100
10
20
50 20
20
50 20
5
A




g BATME

atme | College of Engineering

Examplez Tree vertices Remaining vertices
Tree vertices b(a.,3) c(-,~) d(a,/) e(-,») 1%
a(-,0)

b(a,3) c(b,3+4) d(b.3+2) e(-,) , f / \
d(b,5) c(b.7) e(d,5+4) %!5\ !/?:&

c(b,7) e(d.9) ; 5 &

e(d,9)
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Dijkstra’s( s)
// Finds shortest path from source vertex to all other vertices

//Input: Weighted connected graph G=<V,E>with nonnegative
weights and its vertices s

//Output: The length of distance of a shortest path fromstov

{
1. fori=1to ndo // Intialize

S[i] =0;
d[i] = als/[i];

2. S[s] =1; //Assume 1 as the source vertex
d[s]=1;
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Dijkstra’s algorithm

3. fori=1tondo
{

Choose a vertex u in v-s such that d[u] is
minimum
S=s[u
for each vertex v in v-s do
d[v] = min{ d[u], d[u]+c[u,V]}
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Key points on Dijkstra’s algorithm

Doesn’t work for graphs with negative weights

(whereas Floyd’s algorithm does, as long as
there is no negative cycle).

‘Applicable to both undirected and directed graph:s. ‘

Efficiency O(|V2]|) for graphs represented by weight
matrix and array implementation of priority queue

O(|E|log|V]|) for graphs represented by adj. lists and
min-heap implementation of priority queue
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DYNAMIC PROGRAMMING

introduction to The DQSign &
Analysis of Algorithms
2o oo Mk i

- [
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Invented by American mathematician Richard Bellman in the
1950s to solve optimization problems

Optimization Problem : Problems which demands minimum/maximum
results

Dynamic “ means “changing”
Programming” means “planning”

Dynamic Programming is a general algorithm design technique
for solving problems with overlapping sub-problems.

Malin idea:
-Solve smaller instances once.
-Record solutions in a table.
-Get solution to a larger instance from some smaller instances.

-Optimal solution for the initial instance is obtained from that table.
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Principle of Optimality

Definition [Principle of optimality] The principle of optimality states
that an optimal sequence of decisions has the property that whatever the
initial state and decision are, the remaining decisions must constitute an
optimal decision sequence with regard to the state resulting from the first
decision.

Problems can be solved by taking sequence of
decisions to get optimal solutions

ATME College of Engineering
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Example: Fibonacci numbers

“labulalion Melre d
CEE———— e W

s el

int b (inr n)

T

i+ (n<=)
relurn N,

Flo)=05 0= 5

4__0‘, (.If\f i:&')((:ﬂ')i-r‘l‘)
L Erde -G+ FL)s
3

¢ Jurn €LA),

Flo
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- Computing a binomial coefficient
e Longest common subsequence
e Warshall’s algorithm for transitive closure

e Floyd’salgorithm for all-pairs shortest paths

e Constructing an optimal binary search tree
e Some instances of difficult discrete optimization problems:

- traveling salesman
- knapsack
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Warshall’s Algorithm: Transitive Closure

Definition: The transitive closure of a directed graph with n vertices can be defined as the n
x n boolean matrix T = {t;}, in which the element in the i" row and the " column is | if there
exists a nontrivial path (i.e., directed path of a positive length) from the i* vertex to the |

vertex: otherwise, t' 15 0.

8 D ¢ U a b

M) S— b - - - v -
v ~r al0o 1 0 0O i 2 7T O
l bl0 0 0 1 . It ¥ 3 A
o o A= ¢lo 0o 0 o e 00 0 0
‘\E\‘_’z / dit 0 1 0 gLl ¥ N 3.
(a) Digraph. (b) Its adjacency matrix. (c) Its transitive closure.

ATME College of Engineering
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Warshall’s Algorithm: Transitive
Closure

Constructs transitive closure T as the last matrix in the sequence
of n-by-n matrices R(), ..., R, ..., Rin) where

R&[i,j] = 1 iff there is nontrivial path fromitoj with onlythe first
k vertices allowed as intermediate

Note: that R(0) = A (adjacency matrix), Rin =T (transitive closure)
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On the k-th iteration, the algorithm determines for every pair of
vertices i, j if a path exists from i and j with just vertices 1,...,k
allowed as intermediate

R, j] (path using just 1,...,k-1)
RW8[i,j
R U[j, k] and R\*1)[k,j] (path fromito k
and fromktoj
using just 1,...,k-1)

Department of
CSE
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yo\8[cl

Recurrence relating elements R to elements of R1) js:

R®[i,j] = R&1[ij] or (R®1[j,k] and Rk, j])

It implies the following rules for generating R) from Rk-1):

Rule 1 If an element in row j and columnjis 1 in R%1),
it remains 1 in R&)

Rule 2 If an element in row j and column jis 0 in Rx1),
it has to be changed to 1 in R® if and only if
the element in its row j and column k and the element
in its column j and row k are both 1’s in Rx1)
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Warshall’s Algorithm (pseudocode and analysis)

ALGORITHM Warshall(A[L.n, 1..n])

/[Tmplements Warshall’s algorithm for computing the transitive closure
//Input: The adjacency matrix A of a digraph with n vertices
//Output: The transitive closure of the digraph
R(O) «— A
fork < 1ton do
fori < 1tondo
for j < 1ton do
RM[i, j1< R*V[, jlor (R*V[;, k] and R*~V[k, j])
return R

‘Time efficiency: O(n3) ‘
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Floyd’s Algorithm: All pairs shortest paths

In a weighted (di)graph, find shortest paths between
every pair of vertices

Problem:

Same idea: construct solution through series of matrices D), ...,
D (nusing increasing subsets of the vertices allowed
as intermediate

Example:
: 2 > I & 20 o j { ( !
(8 Je—— ¢ = ; < < _ =
L - 3y | O 3 y | O 10 3 /|
ol BN L Bl2 D _ b|l2 0 5 &
/ , T T ole 7 0 1 ““el? 76 1
\& )"0 d|6 e & 0 ile 18 9 0
(a) Digraph. (b) Its weight matrix, (¢) Its distance matrix
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: J o C d - D(d :°)+ D(Q;é_): 6','3»:% B
J () o 3 |
pa-b| 2 0]s B ) rin [ i
c|[9_7 ]0 | D(c,5)+ Dlesn) = A+ 229
o &) 9 6 I
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al O 10 3 |4 D(a+D(c8) =343 -
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dl[6 16 9 |o St . |
= & D C o xe DLb;CJfD[C,J}; 541 = 6- |
a 10 3 4 '
D[d)b’)' Nn "
w Bl 2 0 5 8 . % i ] .
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Floyd’s Algorithm (matrix generation)

||||||||||||||||||||

On the k-th iteration, the algorithm determines shortest path
between every pair of vertices I, | that use only vertices amon
1,...,k as intermediate

D®[1,j]] = min {D&[1,j], D&D[i,k] + D&D[K,j]}

D«&-[i K]

................................. *
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ALGORITHM Floyd(W|[1..n, 1..n])
/[Implements Floyd’s algorithm for the all-pairs shortest-paths problem
//Input: The weight matrix W of a graph with no negative-length cycle
//Output: The distance matrix of the shortest paths’ lengths
D < W //is not necessary if W can be overwritten
fork < 1tondo
fori < 1tondo
for j < 1tondo
D[i, j] < min{D[i, j], D[i, k] + D[k, j]}
return D

Time efficiency: ©(n3)

Note: Works on graphs with negative edges but without negative
cycles.
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Optimal Binary Search Tree

Binary Tree

=
0 @

All elementsin the left subtree of root are less than root and all elementsin the right
subtree of root are greater than root.
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10 as root node

BST is constructed from the elements 10, 20 and 30.

20 as root node

i
O @

total number of BSTs with n nodes is given
by C( 2n ,n)/(n+1)

GOLD

- I-GAUGE

30 as root node
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Cost of searching any Key

» Costof searchingany key is dependent on comparisons required for searching any key

@ (= © & (30)
@ (=) & o
& £ B (= (=)

Key| € | Ke [key [ ¢ | [key| ¢ | lkey | ¢
‘ 101 1 10| 1 | 10 2 10| 3 0| 2
(20| 2 | 20| 3 | [0 1 | [2] 2 | 20| 3
o] 3 | [m| 2| [»] 2] ™[ 1] [®[ i
lAve, 6/3=2 .'Avg‘. 6/3#2 | ’ Avg j5/3-1.66' Avg‘! 6/3%2 ‘Avg. 6/3=2 |

* Thirdtree is balanced tree because,
* Average of comparison is |less
* Heightis less

ATME College of Engineering
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Cost of BST-Frequencies

Keys 10 20
Frequencies ) 6
for Searching

o 3*2=6

2{3=6
Total Costis =18~

3*2=6 §*2:=12

Total Costis = 25 Total Costis = 2 Total Costis =20 Total Cost is = 19

= Minimum searching costis low meansit’s a Optimal BST

* Tree 5 is having minimum searching cost = 15.

* Tree5is OBST.

* Though itis not height balanced, tree 5 is OBST which is based on frequencies the
cost of BST is minimum.

* Key Point to Remember: “Highest frequency key must be root node and lowest
frequency key must be a child (Leaf) node.”
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Problem: Given n keys a: < ...< a, and probabilities ps, ..., pn
searching for them, find a BST with a minimum
average number of comparisons in successful search.

Since total number of BSTs with n nodes is given by C(2n,n)/(n+1),
which grows exponentially, brute force is not recommended.

- BST is a tree which is mainly constructed for
searching a key from it.

* For searching any key from a given BST, it should
take optimal time.

* For this, we need to constructa BST in such a way
that it should take optimal time to search any of
the key from given BST.

» To construct OBST, frequency of searching of
every key is required.
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Example: What is an optimal BST for keys A, B, C, and D with
search probabilities 0.1, 0.2, 0.4, and 0.3, respectively?

Q) Average # of comparisons

= 1%0.4 + 2%(0.2+0.3) + 3*0.1
ONENO =17

0.1*1+02*2+04*3+03%4=2.09.
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/'Finds an optimal binary search tree by dvnamic programming
/finput: An array P|1..n] ol search probabilities for a sorted hist of n Keys

fOutput: Average number of comparisons in successiul searches in the

’ optimal BST and table R of subtrees” roots in the optimal BST
for/ « 1 ton do

Cli.i = 1] <0

Gl s Rt} Rot fabl
g Y R
Cln+1.n] <0 —
ford « 1ton — ldo //diagonal count : ——]
fori « lton —d do 1
] —i+d - . 3 B
‘ i A ||

minval < o
for bk </ to ; do
MOl k=14 Clk+ 1. j] < minval
minval < Cli. k =14+ Clk+ 1. s} kmin <A
Rli. j| = kmin
SUI - I’Ill; fors « 1 4+ 110 ;do sum « sum 4 I'Isl
Cli. j| «= minval + sum
return C|1. n|, R

ATME College of Engineering
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Given n objects of known weights wl,w2...wn and
profit p1, p2, ... pn for those n objects and a knapsack
of capacity M i.e is not exceeding the weight M. Let a
variable xi be ‘0’ if we do not select the object ‘i’ or ‘1’
if we include the object ‘i’ into the knapsack.

The objective is to maximize the total profit
earned. Since the knapsack capacity is M, we

require the total weight of all chosen objects to
be at most M.
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Maximize ), <j<n PiXi
Subject to ) 1 <jcp, WIXi < m

The profits and weights are positive numbers.
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Knapsack Problem by DP (pseudocode)

||||||||||||||||||||

Algorithm DPKnapsack(int: w[1..n], Int: p[1..n], M)
int: V[0..n,0..M]
forj:=0toMdo
VI10,j]:=0
fori:=0tondo
VI[i,0] :=0
fori:=1tondo
forj:=1toMdo
if wli]l <jand pli] + V[i-1,j-wl[i]] > V[i-1,j] then
VIijl := pli] + VI[i-1,j-wlil];
else
VIijl := VIi-1,j);
return V[n,M]

Running time and space:  O(nW).
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Analysis

* The classic dynamic programming approach, works
bottom up: it fills a table with solutions to all smaller
subproblems, each of them is solved only once.

* Drawback: Some unnecessary subproblems are also
solved

* The time efficiency and space efficiency of this
algorithm are both in @(nW).

* The time needed to find the composition of an
optimal solution is in O(n).
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Uynamic ""ow-m‘

table [4, 5] With ; -
Asj2w

4,j=5 Wi=Sandv, =¢
"i» We will obtain table [4, 5] as

table [4, = i
[4, 5] maXImum{table[i-l,j],\',*table[i-l,i‘“':]}

= Mmaximum (table [3, 5] , 6 + table (3, 0]}
= maximum {7, 6 + 0}

Eble 4,5]=7

Thus the table can be finally as given below

wn

0 ks8il o LLod o fLa o
1 RSl 0 [Ss3d 5 [EEasl g
2 B 0 SN ¢ 8N 7
3 0 0 3 4 5 7

This is the total

- |» value of selected

items
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Discussion

* The direct top-down approach to finding a solution to
such a recurrence leads to an algorithm that solves
common subproblems more than once and hence is very
inefficient.

* Since this drawback is not present in the top-down
approach, it is natural to try to combine the strengths of
the top-down and bottom-up approaches.

* The goal is to get a method that solves only subproblems
that are necessary and does so only once. Such a method
exists; it is based on using memory functions.

Department of
CEE
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Algorithm MFKnapsack(i, j )

* Implements the memory function method for the
knapsack problem

* Input: A nonnegative integer i indicating the number of the
first items being considered and a nonnegative integer j
indicating the knapsack capacity

* OQutput: The value of an optimal feasible subset of the first i
items

* Note: Uses as global variables input arrays Weights[1..n], V
alues|[1..n], and table F[0..n, 0..W ] whose entries are
initialized with —1’s except for row 0 and column O initialized
with 0’s

ATME College of Engineering
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Memory Function Knapsack

Example: Knapsack of capacity M =5
item weight value
1 2 S8
2 1 S6
3 3 S16
4 2 S11 capacity j
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Memory Function Knapsack

- . - C > ¢ \- h/\' & Yy ‘/,‘1 \,.’J-¥.I{.) ‘* J- ol
i) ~gron frirLi, 1,10 i (io80)

| i L 1-153]

i=4, j=5, p[i]=11, wi =2

J-wi =5-2 = 3 ( able to fit into knapsack)

Find V[4,5] = max{ mfk[i-1,j], p[i] + mfk[i-1, j-wi]}
= max{ mkf(3,5), 11+mfk(3,3)}

= max{ ----—---—-- , 11+ - )}
Find V[3,5] = max{ mkf(2,5), 16+mfk(2,2)}
= max{ , 16+ )

Department of
CEE
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Find V[3,3] = max{ mfk[i-1,j], p[i] + mfk[i-1, j-wi]}
= max{ mkf(2,3), 16+mfk(2,0)}

= max{ ----, 16+ --——-- )}
Find V[2,5] = max{ mkf(1,5), 6+mfk(1,4)}
= max{ b+ }
Find V[2,2] = max{ mkf(1,2), 6+mfk(1,1)}
= max{ , 6+ }
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Find V[2,3] = max{ mkf(1,3), 6+mfk(1,2)}
= max{ 6+ -}

Find V[1,5] = max{ mkf(0,5), 84mfk(0,3)}
=max{ 0, 8+0}=8

Find V[1,4] = max{ mkf(0,4), 8+mfk(0,2)}
=max{ 0, 8+0}=8 Back

Find V[1,2] = max{ mkf(0,2), 8+mfk(0,0)} L pua ™
=max{ 0, 8+0}=8 values

Find V[1,3] = max{ mkf(0,3), 8+mfk(0,0)}
=max{ 0, 8+0}=8

Find V[1,1] = max{ mkf(0,1)} =0

_
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Find V[2,3] = max{ mkf(1,3), 6+mfk(1,2)}
=max{8, 6+ 8} =14

Find V[1,5] = max{ mkf(0,5), 84mfk(0,3)} 7
=max{ 0, 8+0}=8

Find V[1,4] = max{ mkf(0,4), 8+mfk(0,2)}
=max{ 0, 8+0}=8 Back

Find V[1,2] = max{ mkf(0,2), 8+mfk(0,0)} L goostiute
=max{ 0, 8+0}=8 values

Find V[1,3] = max{ mkf(0,3), 8+mfk(0,0)}
=max{ 0, 8+0}=8

Find V[1,1] = max{ mkf(0,1)}=0 3




s EATME

atme | College of Engineering

Memory Function Knapsack

‘Example: Knapsack of capacity M =5
item  weight  value

1 2 S8

2 1 S6

3 3 S16

4 2 S11 capacityj

0
0
w=2,p=8 1 0
W:l’p=6 2 0 - -1 -1 0 -1 8 14 -1 14
. 0 11 0-1 -116 -1 24
0

1 -1-1-1>0 -1 -1-1 -1 2/

=3, p=16 3
Ws =2, ps=11 4
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Memory Function Knapsack Algo.

ALGORITHM MFKnapsack(i, j) //Implements the memory function method fo
the knapsack problem //Input: A nonnegative integer i indicating the numbe
of the first // items being considered and a nonnegative integer j indicating /,
the knapsack capacity //Output: The value of an optimal feasible subset of th
first i items //Note: Uses as global variables input arrays Weights[1..n],
Values[1..n], //and table V[0..n, 0..W]whose entries are initialized with -1’
except for //row 0 and column O initialized with O’s

if V[i, j]l< 0
if j<Weights[i] = value¢-MFKnapsack(i-1,j)
else valueé&max,MFKnapsack(i -1, j),
values[i][+MFKnapsack(i -1, j-Weights*i+)-
V[i, j+évalue
return V[i, j]
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MODULE =5
BACKTRACKING

introduction to The DQSign &
Analysis of Algorithms
2o oo Mk i

- [
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Backtrack’ the Word was first introduced by Dr. D.H. Lehmer in

1950s.
eR.J Walker Was the First man who gave algorithmic description

in 1960.
e Later developed by S. Golamb and L. Baumert.

Backtracking

||||||||||||||||||||

Backtracking technique resembles a depth-first — search
in a directed graph. The graph concerned here is usually
a tree, the aim of backtracking is to search the state
space tree systematically. The aim of the search is to find
solutions to some problems.
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& ATME What is Backtracking?

When the search begins, solution to the problem is unknown,
Each move along an edge of the tree corresponds to adding &
new element to a partial solution, that is to narrowing down the
remaining possibilities for a complex solution.

The search is successful if, a solution can be completely
defined. At this stage an algorithm may terminate or it may
continue for an alternative solution.

The search iIs unsuccessful if at some stage the partial solution
constructed so far cannot be completed. In this case the search
backtracks like a depth first search, removing elements that
were added at each stage.
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In state space tree, root represents an initial state before the
search for a solution begins. The nodes of the first level in the
tree represent the choice made for the first component of a
solution, the nodes of the second level represent the choices for
the second components, and so on. A node In a state space tree
IS said to be promising if it corresponds to a partially
constructed solution that may lead to a complete solution;
otherwise a node Is said to be non promising.
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Application of Backtracking

* Optimization and tactical problems

* Constraints Satisfaction Problem

* Electrical Engineering

* Robotics

* Atrtificial Intelligence

* Genetic and bioinformatics Algorithm
* Materials Engineering

* Network Communication

* Solving puzzles and path
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History:

First Introduced in 1848 which was known as 8- queens Puzzle. Surprisingly,

The First Solution was created in 1950 by Franz Nauck. Nauck made an 8X8
Chessboard to find the first Feasible Solution.
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Problem Description

In a NxN square board N — number of queens need fo be
placed considering three Condition ---

* No two Queens can be placed in same row.
* No two Queens Can be places in same Column
* No two queens Can be placed in same Diagonal.

1 -
H el N
]
H B =B B
n B -
Yl N
B Nl N
H B B B
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Explicit Constraints: All ‘n” queens must be placed on the
chessboard in the columns 1,2,3, .... N. Xi belongs to S where S =
{1,2,3,.... N}

Implicit Constraints: In this all Xi Values must be distinct
No two queens can be on the same row

No two queens can be on the same column

No two queens can be on the same diagonal
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Row wise attacking is avoided by placing 1st queen in
1st row, 2nd queen in 2nd row and so on.

By placing ith queen in ith row, horizontal attacking can
be avoided
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(i, x[i])= means the position of ith queen in row i and
column x([i]

(k, x[k])=> means the position of kth queen in row k
and column x[k]
If ith & kth queen are in same column then

X[i] == x[k] --------==----- (1)
Hence indicate that queens attack vertically

I (11) &(41) x[il==x[k] tobe avoided
Q4
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Top left corner to bottom right corner: The difference
between row value and column value is same.

3,1 32 33 34
41 42 43 44

(1,3) &(2,4)
avoided

i -x[i]] = [k-x[k]|




i EATME Dia

atme | College of Engineering

Top right corner to bottom left corner: The difference
between row value and column value is same.

mmm (1,3) &(3,1) i+x[i] =k +x[k] -——--- (3) to be

2,1 2,2 23 24 avoided

- 32 33 34 Using eqn. (2) and (3)

i—k = x[i] -x[k] ----------------- (4)
41 4,2 43 44 i—k = -x[i] + x[k] ---------mmeem-- (5)
li—k| =|x[i] - x[k]| indicates queens attack diagonally.

X[i] == x[k] | | abs(i —k) = abs(x[i] — x[k]) —> two queens
attack each other and cannot be placed.
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Backtracking approach for solution

Algorithm Nqueen(K,n}
For i=1to n{ Place(k,i){
If Place(Ki} For j=1 to k-1{
X[k] = I; If((x[j] = i) or abs(x[j] - 1 = abs(j-k)))
If(k = n) then Return false;
Write x[1:n]; }
Else Return true;
Nqueen(k+1, n) ; }
}
}
}

The Algorithm will check each position [i, j] foreach queens . If any Suitable places found , It will
place a queen on that position. If not Algorithm will try same approach for next position.
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Two Solutions of 4 Queen

Problem
1 2 3 4 1 2 3 4
] Q Queen-1 | Q Queen-1
2 Q ‘ Queen-2 2 Q i Queen-2
3 Q Queen-3 3 Q Queen-3
4 Q Queen-4 4 Q Queen-4
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Hamiltonian Path in an undirected graph is a path that visits each vertex exactly
once. A Hamiltonian cycle (or Hamiltonian circuit) is a Hamiltonian Path such that
there is an edge (in graph) from the last vertex to the first vertex of the
Hamiltonian Path. Determine whether a given graph contains Hamiltonian Cycle
or not. If it contains, then print the path. Following are the input and output of
the required function.

Input:
A 2D array graph[V][V] where V is the number of vertices in graph and
graph[V][V] is adjacency matrix representation of the graph. A value graph[il[j] is
1 if there is a direct edge from i to j, otherwise graphli][j] is O.

Output:
An array path[V] that should contain the Hamiltonian Path. path[i] should
represent the ith vertex in the Hamiltonian Path. The code should also return
false if there is no Hamiltonian Cycle in the graph.



http://en.wikipedia.org/wiki/Hamiltonian_path
http://en.wikipedia.org/wiki/Hamiltonian_path
http://en.wikipedia.org/wiki/Hamiltonian_path
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Hamiltonian Cycle is a graph theory problem where the graph cycle

through a graph can visit each node only once. The puzzle was first

devised by Sir William Rowan Hamilton %nd the Problem is named after
Him. .

O

Condition: The Cycle Started with a Starting Node, and visit all the Nodes in the Graph

(Not necessary to visit in sequential Order and not creating edge that is not given) And
Ston at The Startina Point/Node.
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The Backtracking Approach

The Algorithm First Check the Starting Node, if there is any edge to the next node. If
yes, then the Algorithm will check that node for the edge to the next Node. It will Also
Check If any Node is visited twice by the previous Node. If there is any then the
Algorithm Will Ignore One and Choose the Optimal One for the Solution.

B G

F E

The Important thing is the tour must finish at the starting point.
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For example consider the given graph B
and evaluate the mechanism:- (o)
1.
; [ b))
(a ) {b) 2 4
' < i 4
[ e [ d
P -3 L 10
d}Y——eo d A \®
4l 7. 8 L11
d ) (f) { e
dead-end dead-end |
Sl 112
f ( d
deac:;:end
(a) . ]
(b) solution

Figure: * (a) Graph.
* (b) State-space tree for finding a Hamiltonian circuit. The
numbers above the nodes of the tree indicate the order the order
in which nodes are generated.



&

atme

College of Engineerin
R (11 -1 X[(21=0  [X[8]=0  [X@]0
1 2

N

®
®

Solution

- o
olo]

- I-GAUGE

1

Dead end

Solution
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Algorithm Hamilton_Cycle(k){

Repeat( AlgortihmNextVal(k){
NextVal(k); Repeat{
If(x[k]==0) then X[k] = (x[k]*1) mod (n+1);
Return; If(x[k]=0) then return;
If (k ==n) then If (G[x[k-1],x[K]] != 0 ) then{
Write (x[1:n]); Forj=1to k-1do
Else If(x[j]=x[k]) then
Hamilton_Cycle(k+1); Break;
) If(j = k) then
Until (false); If ((k<n or k=n) && G[x[n],x[1]] = 0)
} Then retumn;
}
}
Until (false);
}

Department of AN MEEIO0Rgged Haggieeeimigg
CSE




s EATME

atme | College of Engineering

for (inti=1;i<=n;i++)
x[i] =0;
x[1]=1;
void HamiltonianMethod(int k) {
while (true) {
NextValue(k, G, x, n);
if (x[k] == 0)

return;
if (k == n) { Dead end
for (inti=1;i<=k; i++)

System.out.print(x[i] + " ");
System aut Brintiafy v

found = true;

return;
} else
HamiltonianMethod(k + 1);

Solution
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Hamiltonian Cycle

void NextValue(int k, int G[][], int x[], int n) {
while (true) {

x[K] = (x[k] + 1) % (n + 1); Enter the number of the vertices: 4

if (x[k] == 0) If edge between the following vertices
return; enter 1 else 0:
. - I= *
' S:_[x[k 111[x[K]] = 0) { Carnd 2: 1
for (i = 1] < k; j+4) 1and3:1
if (x[K] == x[j]) land4:1
==XU 2 and 3:
break; 1
if (j == k)
2and 4:0
i == 1=
if (k< n) || ((k==n) && G[x[n]][x[1]] != 0)) 3 and 4: 1
return;
; Solution:
\ 12341
14321
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Solution Solution
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* Subset-sum Problem: The problem is to find a subset of a given set
S = {s, sy~ -~ s,} of ‘'n’ positive integers
whose sum is equal to a given positive integer

‘d’.

* Observation : It is convenient to sort the set’s elements in
increasing order, §, £ 5,<..... £5_ And each
set of solutions don't need to be necessarily of
fixed size.

* Example : For S = {3, 5, 6, 7} and d = 15, the solution is
shown below :-

Solution = {3, 5, 7}
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The Sum of Subset Problem is, there will be a set of distinct positive
Numbers X and a given Number N. Now, we have to find all the
combination of numbers from X that sum up to N. Make a Set of
those Number.

W={4,5,6,3}
M=13
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Find a subset of a given set S={S1, S2, S3, S4, ------ Sn}
Of n +ve integers whose sum is equal to given +ve integer d subject
to the constrains

1. Implicit: All Xi values should be distinct and should belong to

the set S
2. Explicit: optimal solution be ¥’ [ =d
i=1

Xi of the solution vector is either 1 or 0 depending on weather the
weight Wi is included or not.
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For a node at level i, the left child corresponds to Xi =1
and the right childto Xi=0

The bounding function X[X1, X2, X3, ----- Xn] =true iff
I i+ [ =
Qi i=+1

=1

X1, X2, ----- Xk cannot lead to an promising node if this
condition is not satisfied.
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The bounding function can be strengthened if we
assume that Wi’s are initially in increasing order.

In this case X1 — Xk can not lead to promising node if
X[X1, X2, X3, --—-- Xn] =true iff

Y, 1 i+ 41
=1

IA

X1, X2, ----- Xk cannot lead to an promising node if this
condition is not satisfied.
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Therefore the bounding function will be
A E D) l =
i i=+1

=1
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X3=1

E State space tree

X3=0
A:l
15,5, 0

Solution

X3=1

X3=0
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wy=4 4 0 4 0
=5 5 0 5 0 5 0 -
w6 A 6 0 " X X »
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Backtracking Approach

First, organize the numbers in non decreasing order. Then generating a tree, we
can find the solution by adding the weight of the nodes. Note that, here more than
necessary nodes can be generated. The algorithm will search for the weighted amount
of the nodes. If it goes beyond given Number N, then it stops generating nodes and
move to other parent nodes for finding solution.

Algorithm SumOfSubset(s,k,y){

X[k] =1;

If(s+w[k] = m)

Write (x[1:n]);

Else if((stw[k] + w[k+1]) <= m)
SumOfSubset(s+w[k], k+1, y-w[k]);

If ((s+ y-w[k]>=m) &&(s =w[k+1] <=m)) {

X[k] =0;

SumOfSubset(s,k+1,y-w[k]);

}
}
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0464715
X

wo 6

1447>15 wi : 347<15 He7>15 547<15
X X X X

Figure : Compete state-space tree of the backtracking algorithm applied to the instance § =
{3,5.6,7) and d = 15 of the subset-sum problem. The number inside a node is the
sum of the elements already included in subsets represented by the node. The
inequality below a leaf indicates the reason for its termination.
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for (inti=1;i<=n;i++)

sum = sum + S/i];

if (sum<d /] S[1]>d)
System.out.printin("No Subset possible");
else

SumofSub(0, 0, sum);
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static void SumofSub(int i, int weight, int total)

{ if (promising(i, weight, total) == true)

if (weight==d){
for(intj=1;j<=i;j++){

if (soln[j] == 1)

System.out.print(S[j] + " "),

}

System.out.printin();

} else {

solnf[i+1]=1;

SumofSub(i + 1, weight + S[i + 1], total - S[i + 1]);
soln[i+ 1] = 0;

SumofSub(i + 1, weight, total - S[i + 1]);
}

}
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static boolean promising(int i, int weight, int
total) {
return ((weight + total >= d) && (weight ==d | |
weight + S[i + 1] <= d));
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Coloring a map

Problem:

Let G be a graph and m be a given positive integer. We want to
discover whether the nodes of G can be colored in such a way that
no two adjacent node have the same color yet only m colors are
used. This technique is broadly used in “map-coloring”; Four-color
map is the main objective.

Consider the following map and it can be easily decomposed
into the following planner graph beside it :
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ALGORITHM FOR GRAPH COLORING

Algorithm mcolor(k)

f
1

The graph is represented in the form of matrix nxn
“k” is an index of vertex to be colored
a

repeat

Nextvalue (k)

If (x[k] = 0) then return

If (k=n) then
Write(x|1:nj)

Else
Mcolor(k+1)
 until(false)
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Algorithm nextvalue(k)

Assume x[1..k-1] are assigned integer in the range of [1, m] such that no
two adjacent vertices are in the same color

x[k] is assigned the next value such that distinctness is maintained

If no such color exists then x[k|=0

repeat

x|k] = (x[k] + 1) mod m+1
if x[k] = O then return
forj=1tondo

If (G[k,j]!=0) and (x[k]=x[j]) then
Break
If (j=n+1) then
Return
antil (false)



B ﬁngEEAEg Branch and Bound

The term Branch means the way in which we search the
state space tree and Bound means assigning bounding
function at each node. This bounding function is used to

prevent the expansion of nodes that cannot possibly
lead to an answer node.

NNNNNNNNNNNNNNNNNNNN

Basically there are two methods used in branch and
bound technique.

1. FIFO based Branch & Bound

2. In this method, the live node form a queue (FIF
Structure) & each live node will be taken from th
gueue and next live node is selected.
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Least Cost Branch and Bound

At each node, an intelligent ranking function is used to
assign a value to that node. The next live node is
selected on the basis of the least cost.

Travelling sales man problem, a sales man must visit n
cities. The sales man visits each city exactly once and
comes back to the starting city.

The travelling sales man problem is minimization
problem and hence we require to find the lower bound.
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Assignment Problem : given n jobs <j1,j2,--- jn> and n persons
<pl,p2,p3 ---pn>, it is required to assign all n jobs to all n person
with the constraint that one job has to be assigned to one perso

and the cost involved in completing all the jobs should b
minimum.

A 9 2 7 3

B 6 4 3 7
C 5 8 1 3
D 7 6 9 4
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-nm“ Take minimum in each row
A 9 2 7 8

B 6 4 3 7 3
C 5 8 1 8 1
D 7 6 9 4 4

10
AR
n 9 2 7 8

b 3 3 4 3
c 8 5 5 5
4 4 4 6

d
I I N



s EATME

atme | College of Engineering

-nnn Take minimum in each row
A 9 2 7 8

Bl
B 6 4 3 7 3
C 5 8 1 8 1
D 7 6 9 4 4
10

b5 Jboi bk
H 2 2 2

b 6 3 7
C 1 5 1
4 4 7

d
I I
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-nnn Take minimum in each row
A 9 2 7 8

Bl
B 6 4 3 7 3
C 5 8 1 8 1
D 7 6 9 4 4
10

SaTcou B S
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Lb=24

c—>1J3

==

Lb=25

Lb=14

Lb=20

Lb=17

GOLD
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8 9

3
B 5 8
C 6 9 2 9
D 7 5

10
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unit

Knapsack Problem: Given n items of known weights wi and values vi, i=1, 2, . ..
n,and a knapsack of capacity W, find the most valuable subset of the items tha
fit in the knapsack. It is convenient to order the items of a given instance i
descending order by their value-to-weight ratios. Then the first item gives th
best payoff per weight unit and the last one gives the worst payoff per weigh

item weight value

value

weight

$40
$42
$25
$12

= W N =
O R

10
6

The knapsack’s capacity W is 10.
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" . value
item weight value =
weight
1 4 $40 10
2 7 $42 6 The knapsack’s capacity W is 10.
3 > $25 5
4 3 $12 4

First arrange in V/W in decreasing order
Since it is @ maximization problem. The upper bound is calculated

using the function ., 4+ (W — w)(V;41/w;41)-

i=0,v=0, w=0V i;1/Wi:1 =10
Ub=0+(10) 10=100
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Ub =100
With item 1 Without item 1
i=1, w=4.v=40, V i:1/Wi:1 = 6 i=1, w=0.v=0, V i+1/Wi:1 =6
Ub = v+ (W-w)(Vi+1/Wis1 ) Ub = v+ (W-w)(V i+1/Wis1 )
=40+6.6 =0+10.6
=76 = 60
With item 2 With out item 2
i =2, w=7.v=42, Vi;1/Wis1 = 5 i =2, w=0+4. v=40+0, V i+1/Wi.1 =
Ub= v+ (W-W)(V i+1/Wi+1 ) >
= 42+(10—11) .5 Ub = V+(W-W)(V i+1/Wi+1 )
= Not Feasible =40+6.5
=70
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Ub =100

With item 3 Without item 3
i =3, w=5+4. v=40+25, V j+1/Wi:1 = 4 i =3, w=4+0. v=40+0, V i1/Wi.1 = 4
Ub = v+ (W-W)(Vi+1/Wis1 ) Ub = v+ (W-w)(V ix1/Wis1 )

= 65+1.4 =40+6.4

= 69 = 64
With item 4 With out item 4
i =4, w=9+3 =12. i =4, w=0+9. v=65+0, Vv i;1/Wij;1 = 1
Ub = v+ (W-W)(V i+2/Wis1 ) D= W IR oy ien )

= Not Feasible =65+1.1

= 66
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With item 1 Without item 2
i =1, w=4, V=40, \'} i+1/wi+1 =6 i =1I w=0. V=0, v i+1/Wi+1 =6

With item 2 With out item 2
=2, w=7.v=42, Vi1 /Wi1 =5 i =2, w=0+4. v=40+0, V ;1 /wi;1 =5

= Not Feasible

With item 3 Without item 3
i =3, w=5+4. V=40+25, v i =3, w=4+0. V=40+0, \'} i+1/wi+1 =4

With item 4 With out item 4
i=4, w=9+3 =12. i =4, w=0+9. v=65+0, v ;,; /wi,; =0

Not Feasible
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In the travelling sales man problem, a sales man must visit n
cities. The sales man visits each city exactly once and comes
back to the starting city.

The travelling sales man problem is minimization problem

and hence we require to find the lower bound.

Lower bound=1b=S/ 2;
Where S = [Va+ Vb+Vc+Vd]
Va = sum of distances from vertex a to the nearest

vertices1+3=4

Vb=14+3=4
Vc=1+2=13
Vd=1+2=3

Lb=[4+4+3+3]/2=14/2=7




&

atme

ATME

College of Engineering

Now find,

a 2 b= (3+1)+(3+1)+(1+2)+(1+2) =14/ 2 =7
a 2 c=(1+3)+(3+1)+(1+2)+(1+2) =14/ 2 =7
a—>d =(4+1)+(1+3)+(1+2)+(4+1) = 17/2=8

Lb=7
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Now find,
b= c=(3+1)+(5+1)+(5+1)+(1+2) =19/2=9

b= d=(1+3)+(1+3)+(1+2)+(1+2) =14/ 2 =7
Lb=7 c 2> b =(1+3)+(5+1)+(5+1)+(1+2) =19/2=9
c 2 d=(1+3)+(3+1)+(2+1)+(2+1) =14/ 2=7

Lb=9 Lb=9
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Now find,

d 2 c = (143)+(1+3)+(2+1)+(1+2)
= 14/2 = 7 d =2 b =
(1+3)+(1+3)+(1+2)+(1+42) = 14/2 =
e 7 c 2 a=(1+43)+(1+3)+(1+2)+(1+2)

- = 14/2 = 7 b =2 a =

(3+1)+(3+1)+(1+2)+(1+2) = 14/2 =7
> o> cb

a2 b—>c

o L *
a—>c—>d->b

a—->b->d—>c

BN S e
T A 7 A
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Thank
you
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